Abstract : This paper conducts a fundamental analysis on the induction generator infinite bus system which is a useful representation for a wind energy converter interfaced to a utility through a transmission line. A third order model is used to represent the induction generator and the resultant nonlinear system equations are analysed to derive a condition that guarantees the existence of equilibrium points (or steady state solutions) to the dynamic system. This condition is used to derive three other auxiliary conditions which compute (i) the minimum value of capacitance, (ii) the maximum deliverable power and (iii) the maximum external reactance that can be connected to the machine. The conditions listed above are further studied numerically on three different sets of induction generator data. The impact of capacitive requirements on power factor and terminal voltage is examined. It is shown that terminal voltage regulation has a strong restrictive influence on the maximum transferable power. The analysis and studies presented could be a useful tool for preliminary planning studies involving wind energy converters.
Introduction
Wind energy conversion has emerged as a viable alternative to meet the increased demand for energy resources in recent years. There are different configurations for wind turbine units which include synchronous, asynchronous generators, pitch regulated, or stall regulated systems. Broadly speaking, wind energy conversion systems can be classified in to variable speed and fixed speed devices. Variable speed systems employ an electronic interface for grid connection. Fixed speed systems commonly use squirrel cage induction generators which are directly connected to the grid. While the former is better suited for optimal energy extraction attractive option, the latter is simpler and cheaper and therefore, a considerable number of such systems are currently in operation.
For instance, most of the Spanish wind energy is supplied by fixed speed turbines rated between 500 and 1000 kW clustered in wind farms ranging from 30 to 250 MW, [1] . Therefore, the analysis of fixed speed systems can be important, especially when several of these are installed and continue to remain in operation. In fixed speed systems, induction generators are particularly favoured owing to their lower cost and higher reliability. The suitability of using induction generators for power systems application was reported in [2] . In that paper, the authors considered a simple test system consisting of an induction generator interfaced to the utility. The effect of induction machine parameters, modelling requirements and voltage support requirements on the stability of the test system was investigated by numerical simulations. In [3] , the impact of wind turbines on steady state security was studied by the methodology of load flow using the PQ and RX models which are approximations of the steady state induction machine model. In this paper, a third order model is used for the induction machine and the resultant system equations are directly analysed to study the steady state operation of the system. We consider a system which consists of a wind generation facility (employing squirrel cage induction generators) interfaced to the utility, or grid, through a transmission line as shown in Fig.1 . A large wind farm can consist of hundreds of wind turbines connected by a series of feeders. If one is interested in studying the performance of the wind farm in itself, it will be required to represent each generator individually, [5] . However, for system impact studies where it is required to study the interaction of a whole wind farm with the rest of the system, a detailed model of individual generators would result in very cumbersome calculations, [5] . In such cases, it would be advantageous to represent the wind farm by an equivalent model. In this paper, we consider fixed speed systems where the speed deviations between generators in a wind farm are minor and therefore, the electrical equivalent of the wind farm can be approximated by one equivalent induction generator, [5] . A study in [5] also shows that the aggregated wind farm model with just one induction generator can reproduce the combined effect of power fluctuations (due to non-identical wind speeds) at the individual turbines locations with good accuracy. As the present paper is aimed solely at analysing the steady state electrical performance of the grid-interfaced wind farm system, it is reasonable to use the representation shown in Fig.1 where C represents the capacitor bank at the terminals for reactive power compensation, z e = r e + jx e represents the transmission line impedance and E b is the voltage of the infinite bus which represents the grid. This representation facilitates both analysis/simulation studies with fixed speed wind farms and examples can be found in [6] and [7] . While there are several factors that determine the connection of wind farms to the grid, we focus on three steady state issues that warrant study namely, B the maximum electrical power (P e ) that the machine can safely deliver to the grid without endangering system stability.
C grid strength (x e ) : the weakest grid to which the machine can deliver a specified amount of power without endangering system stability, or safe voltage margins.
In determining the issues (B) and (C) listed above, the traditional approach has been the use of numerical techniques along with power system simulation. In this paper, we propose an alternative approach to determine the grid interconnection issues listed above. A third order dynamic model ( [2] , [8] ) is used to represent the induction machine and the behaviour of the system in steady state is studied simply by analysis of the equilibrium solutions of the resultant nonlinear dynamic system equations. Specifically, the issues A, B and C are addressed as follows.
1. Suppose a certain input mechanical torque to the machine and the external reactance of the transmission line are specified. What is the minimum capacitance of the compensator bank that is required to sustain the resultant equilibrium or steady state ? What is the impact of capacitor size variation on the equilibrium ? 2. Given an a priori value of the capacitance of the compensator bank and a certain external reactance, what is the maximum real power that the generator can deliver to the network ?
3. Given an a priori value of the capacitance of the compensator bank and a specified input torque to the machine, what is the maximum value of the external reactance (i.e. the weakest network) to which the machine can deliver the corresponding electrical power ? This is particularly important for grid integration studies involving wind energy systems with weak interconnection ties.
A preliminary study of these issues was presented in [9] , where the analysis was done on data pertaining to a small induction generator. In this paper, the study is extended to analyse three different sets of induction generator data. In addition, the influence of these issues on the power factor of the machine is studied in greater detail. The rest of this paper is organized as follows. In Sec.2, a dynamic model of the induction generator is used to arrive at the system equations. In Sec.3, the system equations are analysed to derive a criterion that guarantees the existence of an equilibrium. Further, this criterion is used to arrive at the limiting conditions for each of the issues addressed in the list above. In Sec.4, the effect of variation in capacitance is studied on (i) terminal voltage regulation, (ii) power factor, (iii) maximum external reactance and (iv) maximum electrical power. The conclusions are summarised in Sec.6.
System Model
We shall represent the induction machine by a third order dynamic model as described in [8] . In this model, we shall consider the transient effects, but neglect the subtransient effects of the rotor. Also, the model assumes a balanced network and neglects the electromagnetic dynamic effects of the stator. Further, we shall reference all quantities to a synchronously rotating frame. Then, the machine can be modeled as an equivalent voltage source E behind an impedance r s + jx . The dynamic equations associated with E are then given by, [4] , [10] 
The armature (or stator current) is obtained from
The mechanical equation governing the inertial dynamics of the rotor is given by ( [10] )
The circuit equivalent of the system obtained by connecting the induction generator to the infinite bus through an external impedance is shown in Fig.2 . 
Neglecting the stator transients, the network equation can be written as
From Eq.(4), the terminal voltage U can be expressed in terms of E as follows.
where D = a 
Upon substituting for I s and P e equations (1) and (3) can be expressed as
where a 3 , a 4 and b 2 are constants as defined in Appendix B. Equations (7), (8) and (9) describe the dynamical equations of the induction generator-infinite bus system. For brevity, let us denote the system above by Σ. Now, the steady state behaviour of the entire system can be simply studied by looking at the equilibrium points of Σ. In the following section, we shall seek conditions to determine the existence of equilibrium points for Σ.
3 When does Σ possess feasible solutions ?
In this section, we shall first seek a criterion that guarantees the existence of an equilibrium point for Σ. The key idea is to obtain a solution for the slip of the machine in terms of the network parameters, the physical machine parameters and the input mechanical power to the machine. Upon setting the derivatives (i.e. the RHS of Eqns. (7), (8) and (9)) to zero, we can explicitly solve for the equilibrium of Σ in terms of the network parameters and the input mechanical power P m . The solution for the slip s is obtained from a quadratic equation.
Then, it is evident that the system Σ possesses an equilibrium if and only if the slip s is real. This requirement and the associated condition is summarised in the following Proposition. Later, we shall use the criterion in this
Proposition to obtain the limiting conditions namely, the minimum capacitance, maximum deliverable power and maximum external reactance as explained in section 1.
Proposition 1 Σ possesses a feasible equilibrium if and only if
where,
Proof : Upon setting the derivatives of equations (7), (8) and (9) to zero, we obtain a solution for the slip s in the form of a quadratic which can be expressed as
It is clear the the system can have a feasible solution if the slip is real and vice-versa. The claim in the proposition merely asserts the non-negativity of the discriminant of the quadratic in Eq. (11) so that the system Σ possesses real solutions.
Note: The parameters a 2 , b 2 and a 3 and hence, α 1 , α 2 and α 3 are functions of the network parameters x e , C and the input mechanical power P m . This in turn means that the equilibrium solution is a function of the triple (C, x e , P m ). If any two quantities in the triple are held fixed, the equilibrium moves as we vary the third. In the analysis that follows, we shall exploit this dependence to arrive at suitable limiting conditions for the variation of each of the quantities in the triple.
Minimum Capacitance
In this section, we shall compute the minimum value of the capacitance at the terminals of the machine, by using the criterion in Proposition 1. Specifically, we seek to answer the following question "Suppose that the mechanical input power to the machine P m and the external reactance of the system x e are specified. What is the minimum value of C that ensures that an equilibrium exists for Σ ?" The answer follows readily by using the criterion (Eqn. (10)) in Proposition 1. We shall state this result as described in the following proposition.
Proposition 2 : Given the input power P m > κ and x e > 0, an equilibrium to Σ exists if
where β min is the least positive real root of the polynomial
with
Proof : First, we shall express the discriminant of Eqn.(11) in terms of a 2 . After substituting for a 2 , a 3 and b 2 from Appendix B in to equation (11), the condition ∆ > 0 is tantamount to requiring that
Observe that β 1 > 0, β 2 < 0, β 4 > 0 and β 5 < 0. The sign of β 3 depends on the value of
When the machine parameters are fixed, the value of κ depends only on the external reactance x e . In the range of x e that we consider, which is 0.2 < x e < 0.8 and for the machine parameters we consider (see Appendix A), the corresponding range of κ is 0.01 < κ < 0.16. Then it is reasonable to consider P m > κ in the normal operating range of the generator. Now, consider the roots of the polynomial f 1 (a 2 ) = 0. Given the signs of the coefficients β 1 , . . . β 5 , a simple application of the Routh-Hurwitz criterion indicates that for the polynomial f 1 (a 2 ) = 0, there are three roots whose real parts are positive. Let us denote these roots as λ 1 , λ 2 , λ 3 . Accordingly, we have two cases.
• case a: all three roots are entirely real.
• case b: one root (say λ 1 ) is real and the other two are complex conjugate (i.e. λ 2 = λ 3 * ).
In the first case (a), let β min = min{λ 1 , λ 2 , λ 3 }. For the second case (b), let β min = λ 1 . Clearly, if a 2 < β min , then, f 1 (a 2 ) < 0 which implies ∆ > 0 which in turn, assures the existence of an equilibrium. So we obtain,
Then, the claim in the proposition readily follows from Eqn.(15).
Maximum deliverable power
In this section, we shall compute the theoretical maximum power that the induction generator can deliver to a given external reactance. Specifically, suppose we are given the capacitance of the compensator bank and the reactance of the transmission network, then what is the maximum value of P m beyond which an equilibrium to Σ does not exist. Again, this can be readily answered by the criterion in Proposition 1. In this analysis, note that we hold C and x e fixed. The result is summarised in the following proposition.
Proposition 3 : Given the input power P m and x e > 0, the maximum real power that the machine can deliver to the network is given by
Proof : For an equilibrium to exist, we need (from Proposition 1, Eqn.(10)) ∆ > 0. Substituting for all the terms in ∆, we get
Clearly, ∆ > 0 implies that,
Note that we have labelled the two roots of the equation f 2 (P m ) = 0 as γ 1 and γ 2 where γ 1 > 0 and γ 2 < 0.
Then, it is clear that the maximum value of P m is decided by γ 1 . Thus we have,
.
Maximum external reactance
In this section, we shall assume that we are given the mechanical input power (P m ) and the value of the capacitance (C) at the machine terminals. Then, the question we wish to answer is, "what is the maximum value of the external reactance (which we shall denote as x max e ) to which the machine can deliver the specified power ?".
This can be readily answered by rewriting the term ∆ in Proposition 1 as a function of x e . After a few algebraic manipulations, ∆ can be arranged as a polynomial (6'th order) in x e . Then the criterion for the maximum value of x e is obtained from the following proposition.
Proposition 4 : Given the input power P m and C, the maximum external reactance to which the machine can deliver power is given by
where η is the largest positive real root of the polynomial 
Note that if f 3 (x e ) < 0, then ∆ > 0. The condition f 3 (x e ) < 0 can be clearly met if x e < η which is the claim in this proposition.
Remarks :
1. In proposition 2, we assume P m and x e as specified (i.e. fixed) and calculate the minimum capacitance C min as a function of P m and x e .
2. In proposition 3, we assume that C and x e as specified and calculate the maximum power that P max m that the machine can deliver to the network.
3. In proposition 4, we assume that P m and C as specified and calculate the maximum external reactance x e to which the machine can deliver the specified power.
4. Note that all the three propositions directly follow from Proposition 1. The three propositions explicitly characterize the functional dependence of C, P m and x e for existence of equilibrium points when any two of them are held fixed. In the next section, we study the effect of capacitance on the power factor and terminal voltage regulation. And finally, we numerically study how the minimum required capacitance, maximum deliverable power and maximum reactance vary as a function of the their respective parameters.
Numerical Study
In this section, we conduct a numerical study of the analysis carried out in the previous section. In the study, three different sets of machine data are analysed. The machines correspond to squirrel cage induction generators used in wind turbines including one used in the Spanish system in the Galicia and Aragon-Navarra regions For each of the cases considered in this study, a tabular summary of the capacitive range for voltage and power factor regulation is provided. Further, we shall study the impact of this capacitive range on (c) maximum transferable power, P max using proposition 3 and (d) maximum external reactance to which the unit can deliver power using proposition 4. Along with this, the minimum capacitive requirements of the compensator bank for various combinations of line reactance and input power P m is also studied using proposition 2. As we shall see later on, the study reveals the interaction of the four factors listed above and provides a means for understanding the limitations that arise due to the regulatory constraints. In what follows, we shall present the results for each of the cases considered.
Case I :
The machine data in this case corresponds to the induction generators used in the Spanish system [1] . The capacitance of the compensator bank is varied and the corresponding variations in terminal voltage and power factor are shown in Fig.3 and Fig.4 respectively. The maximum transferable power P max and the maximum reactance to which the machine can deliver power are shown in Fig.5 and Fig.6 respectively. The minimum capacitance requirement is shown in Fig.7 . The capacitive range for voltage and power factor regulation is summarised in 
Case II :
The machine data in this case corresponds to a small 350 kVA, 660 V induction generator used in wind turbine studies in [4] . The capacitance of the compensator bank is varied and the corresponding variations in terminal voltage and power factor are shown in Fig.8 and Fig.9 respectively. The maximum transferable power P max and the maximum reactance to which the machine can deliver power are shown in Fig.10 and Fig.11 respectively.
The minimum capacitance requirement is shown in Fig.12 . The capacitive range for voltage and power factor regulation is summarised in 
Case III :
The machine data in this case corresponds to a large, 4 pole 6.6 kV induction generator used in the [11] and [12] . As the capacitance of the compensator bank is varied, the corresponding variations in terminal voltage and power factor are shown in Fig.13 and Fig.14 respectively. The maximum transferable power P max and the maximum reactance to which the machine can deliver power are shown in Fig.15 and Fig.16 respectively.
The minimum capacitance requirement is shown in Fig.17 . The capacitive range for voltage and power factor regulation is summarised in Table 3 . 
Discussion
In this section, a discussion of the numerical results obtained in the previous section is provided. Table 4 summarises the maximum power transfers for all the cases.
4. Maximum reactance with capacitance : Figs. 6, 11 and 16 show how the maximum reactance to which the machine can deliver a specified amount of power varies with the capacitance, for cases I, II and III respectively. In all three cases, we note that as the input power increases from 0.8 to 1.1, the maximum line reactance to which this power can be delivered reduces proportionately. is not required for a feasible equilibrium. As the line reactance is increased for a fixed mechanical power input, capacitive compensation is required beyond a critical value of the line reactance. From the plots, it is consistently observed for all three cases that (a) the critical line reactance reduces as the input power P m is increased.
(b) the minimum capacitive requirements go up steeply at first, with increasing values of the line reactance and then saturate.
Conclusions
A system comprising of a wind energy converter (WEC) connected to the utility through a transmission line is studied. An induction generator employing a capacitive compensator bank is used to model the WEC. A third order dynamic model is used to represent the induction generator. The resultant system equations are analysed to derive a criterion which ensures the existence of an equilibrium or steady state solution to the system. This criterion is further analysed to compute (i) the minimum value of the capacitance of the compensator bank to deliver a specified value of real power to the given network, (ii) the maximum real power deliverable by the machine to the network and (iii) the maximum external reactance to which the machine can deliver power. This approach is seen to provide useful analytical insight in to the operation of an induction generator connected to an infinite bus. A numerical study of the effect of capacitance on terminal voltage regulation indicates that power factor regulation is achieved whenever terminal voltage regulation is achieved. It is seen that terminal voltage regulation has the strongest limiting influence on the power transfer and the weakest transmission line that can convey the power to the infinite bus. Thus, the analysis presented could be a useful tool for preliminary planning studies involving wind energy converters. Attempts are currently underway to build an experimental setup of an induction generator connected to the utility through a transmission line to obtain practical insight in to the operation of WECS and will be reported later on. The usefulness of FACTS compensation devices to simultaneously boost power transfers and achieve voltage/power factor regulation is another topic worth investigating.
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APPENDIX A : Induction generator data The system parameters are assumed to be E b = 1.0 p.u., r e = 0.
APPENDIX B: Coefficients and parameters
In Eqn.(5), the parameters are described as follows. In Eqns. (7), (8) and (9), the parameters are described as follows.
In proposition 3, the coefficients η 1 , . . . η 7 are defined as follows.
